We determine the number of Fq -rational points of a class of Artin-Schreier curves by using recent results concerning evaluations of some exponential sums. In particular, we determine infinitely many new examples of maximal and minimal plane curves in the context of the Hasse-Weil bound.
INTRODUCTION
Let F q denote the finite field with q = p e elements and P n (F q ) be the n-dimensional projective space over F q . For any f ∈ F q [X 1 , . . . , X n ] of degree d, define the homogenous polynomial f * ∈ F q [X 0 , . . . , X n ] by f * (X 0 , . . . , X n ) = X d 0 f (X 1 /X 0 , . . . , X n /X 0 ). The set of F q -rational points of an algebraic hypersurface X f is the set of all points P ∈ P n (F q ) satisfying f * (P ) = 0. The hypersurface X f is called a plane curve if n = 2. If g denotes the genus of the curve and N denotes the number of F q -rational points on the curve, then we have the classical Hasse-Weil bound
provided the polynomial f (X 1 , X 2 ) is absolutely irreducible. In the two extremes, where |N −(q +1)| = 2g √ q, a curve is called maximal or minimal in the obvious way. An Artin-Schreier curve is a plane curve with equation of the form y q + δy = f (x) with δ in some finite extension field K of F q and f ∈ K[X]. Artin-Schreier curves have been studied extensively in several contexts, see for example the articles [5, 6, 7, 8, 10, 14] . Note also that the Hermitian curve, y q +y = x q+1 over F q 2 , is an Artin-Schreier curve. This curve has genus q(q − 1)/2. 1 Stichtenoth, see [13, Chapter V.3 ], showed that curves over F q 2 of genus > q(q − 1)/2 could not be maximal. Rück and Stichtenoth [12] have since shown that the Hermitian curve is the only maximal curve over F q 2 of genus q(q − 1)/2, see also [4] . The solution to the problem of determining the number of points on a plane curve often relies on the explicit evaluation of an exponential sum (or vice versa). For a, b ∈ F q and any integer α, we define S α (a, b) by
The explicit evaluation of S α (a, b) was carried out in the articles [1, 2, 3] . It is the purpose of this article to use these evaluations to determine the number of F q -rational points on the Artin-Schreier curve
where a ∈ F * q , t = gcd(n, e) = (n, e) divides d = (α, e), and L ∈ F q [X] is a p t -polynomial. This is accomplished by reducing the problem to a formula involving S α (a, b) and then determining the value of this formula under the various conditions which arise. In so doing, we determine infinitely many new examples of both maximal and minimal curves, for any choice of t.
DEFINITIONS AND PRELIMINARIES
Throughout this article F q denotes the finite field of q = p e elements where p is a prime, α is a natural number, d = (α, e) and n is any natural number such that t = (n, e) divides d. We denote by F * q the non-zero elements of F q and identify a generator of F * q by ζ. For any k dividing e we can define the trace function Tr k :
for all x ∈ F q . The trace function satisfies Tr k (x + y) = Tr k (x) + Tr k (y), Tr k (x p k ) = Tr k (x) and Tr k (βx) = βTr k (x) for all x, y ∈ F q and β ∈ F p k . We shall denote the absolute trace, Tr 1 , simply by Tr.
A
Every p s -polynomial is a p-polynomial. Also known as linearised or additive
We recall that a polynomial is called a permutation polynomial over F q if it induces a permutation of F q under evaluation. It is easy to establish that a linearised polynomial L is a permutation polynomial over F q if and only if L(x) = 0 implies x = 0.
There are two classes of characters associated with a finite field: the additive characters defined on F q and the multiplicative characters defined on F * q . The canonical additive character of F q , denoted χ 1 , is defined by
for all x ∈ F q . Every additive character, χ c with c ∈ F q , can be obtained from the canonical character by χ c (x) = χ 1 (cx) for all x ∈ F q . The properties of the trace function imply χ 1 (x+y) = χ 1 (x)χ 1 (y) and χ 1 (x p ) = χ 1 (x) for all x, y ∈ F q . A proof of the following lemma is provided in [9, Lemma 7.1.3].
Lemma 2.1. Denote by χ 1 the canonical additive character of F q with q = p e . Let a ∈ F q be arbitrary and let k be some integer dividing e. Then
For 0 ≤ j ≤ q − 2, we define a multiplicative character λ j of F q by
When p is odd we shall use η to denote the quadratic character of F q . That is η = λ (q−1)/2 . For any additive character χ and any multiplicative character λ of F q we can define the classical Gaussian sum G(λ, χ) by
Introduced by Gauss, these sums are used to consider the interaction between the additive and multiplicative groups of a finite field. They have been studied extensively, see [11, Chapter 5] 
The following lemma on greatest common divisors will prove useful. A proof is given in [1, 3] . 
In such cases there are p 2d − 1 non-zero solutions. The polynomial a p α X p 2α +aX is a linearised polynomial. Thanks to the simple statement for when a linearised polynomial is a permutation polynomial, it can be seen that Theorems 2.1 and 2.2 provide explicit descriptions for when this polynomial is a permutation polynomial over F q .
WHEN IS
As mentioned earlier, the value of S α (a, b) was explicitly determined in the articles [1, 2, 3] . Unfortunately, in some cases the results rely on knowing when the equation
with a, b ∈ F q and α ∈ N, can be solved for x ∈ F q , in particular when e/d is even. In this section we determine necessary and sufficient conditions for solving this equation when e/d is even.
Let
+aX with a ∈ F * q and suppose e/d is even with e = 2m. We wish to consider when the equation f a (x) = −b p α has solutions x ∈ F q . Clearly it has a unique solution when f a is a permutation polynomial. In the remaining cases we now derive conditions on a and b for when the equation is solvable. The following proposition follows from Theorems 2.1 and 2.2. Proposition 3.2. Let e/d be even with e = 2m. Set
Then a 0 ∈ F * p 2d and f a0 is not a permutation polynomial.
Proof. It is a simple matter to confirm a 0 ∈ F * p 2d . If p = 2, then f a0 is not a permutation polynomial by the previous proposition. If p is odd, then
By Theorem 2.1, f a0 is not a permutation polynomial.
Note that if f a is not a permutation polynomial, we can always write a as a = a 0 ζ
. There exists a unique element γ ∈ F * q such that γ t = ζ and ζ
for all integers i. Thus a j = a 0 γ j(p α +1) for all integers j.
Proof. As (p α +1, q−1) = p d +1, the monomial X t is a permutation polynomial. So we can solve uniquely for γ t = g. The remainder of the proposition follows immediately.
Theorem 3.3. Let e/d be even so that e = 2m for some integer m. Define
+ aX and consider the equation q is the unique element satisfying γ
The proof will require the following lemma.
Lemma 3.4. Let K be a finite extension of F q , q = p e , with [K :
Proof. There are q k−1 distinct elements v ∈ K satisfying Tr K/Fq (v) = 0. Fix an integer t satisfying (t, k) = 1. For any element w ∈ K it is clear from the properties of the trace function that Tr K/Fq (w Proof (Proof of Theorem 3.3). Part (i) follows trivially from Theorems 2.1 and 2.2. We need to establish (ii)
Dividing through by −a 0 γ jp α and making a change of variable by setting y = γ j x we obtain the equation
By Lemma 3.4, this equation is solvable in y if and only if
PREVIOUS RESULTS
We shall now review the previous results on the evaluation of S α (a, b). This recall, along with the previous section, will allow us to provide a more unified treatment of the evaluation of S α (a, b), especially when e/d is even. Throughout a = 0. The following results come from the articles [1, 2, 3]. 
When e/d is odd
where c ∈ F * q is the unique element satisfying c 
where 2 s is the Jacobi symbol. 
When e/d is even
Theorem 4.7. Let e/d be even with e = 2m. Set f (X) = a
Then 
,
While the statements of those results concerning e/d odd do not warrant further discussion (than that given in the previous articles), the same cannot be said for this single statement for e/d even. Firstly, the cases b = 0 and b = 0 have previously been dealt with separately. Secondly, it will be seen from a comparison of [2, Theorem 2] and [3, Theorem 5.3(ii)] that, for b = 0, there appears to be a second possibility in characteristic 2. In fact, this second possibility can be removed. For this reason, we give an abridged proof of this theorem. 
FIRST EXAMINATION
Set n to be any positive integer and t = (n, e). Let f ∈ F q [X] and define N n (f ) to be the number of solutions (x, y) ∈ F q × F q of the equation
By the orthogonality relations of characters we have
The inner sum is q if h p n − h = 0 (so that h ∈ F p t ), otherwise the inner sum is zero.
Lemma 5.5. With notation as above,
In this article, we wish to determine N n (f ) where f (X) = aX p α +1 + L(X) and t = (n, e) divides (α, e).
For any integer t dividing d = (α, e), define N α,t (a, b) = N t (aX p α +1 +bX) to be the number of solutions (x, y) ∈ F q × F q of the equation
where a, b ∈ F q with a = 0. We now show that our general problem is equivalent to determining N α,t (a, b) for a particular b which is dependent on the p t -polynomial L.
Theorem 5.8. Let n be any integer such that t = (n, e) divides d = (α, e) and L ∈ F q [X] be a p t -polynomial given by
Proof. From Lemma 5.5 we have
Sections 6 and 7 will be concerned with determining N α,t (a, b). Section 8 identifies some curves which meet the Hasse-Weil bound.
THE NUMBER OF SOLUTIONS WHEN E/D IS ODD
Throughout this section we assume e/d is odd. We deal with characteristic 2 first.
Theorem 6.9. Set p = 2. Let e/d be odd and let c ∈ F * q be the unique element satisfying c
Proof. By Lemma 5.5, we have
For each h ∈ F * 2 t there exists a unique element γ ∈ F * 2 t satisfying γ 2 α +1 = h. Hence, by Lemma 5.5 ,
By Theorems 4.4 and 4.5,
Before continuing to odd characteristic, we make the following observations. Firstly, let η denote the quadratic character of F q and η denote the quadratic character of F p t . Then for any h ∈ F * p t we have
Secondly, denote by µ 1 the canonical additive character of F p t . Then we have
for all x ∈ F q . Theorem 6.10. Let q = p e be odd and f (X) = a N α,t (a, b) = q provided Tr t (ax
(ii)If e/t is even then e = 2m. If Tr t (ax
If Tr t (ax
Proof. Set S = h∈F 
if p ≡ 1 mod 4, and
if p ≡ 3 mod 4. Suppose e/t is odd. As η(h) = η (h) for all h ∈ F * p t , then S = 0 and we obtain the claimed result (b = 0 implies x 0 = 0). Let µ 1 be the canonical additive character of F p t and µ = µ Tr t (ax p α +1 0 ) . Recall also η(xy) = η(x)η(y) for all x, y ∈ F * q . We can identify the sum in (1) and (2) as 
Applying Lemma 2.1 yields the result.
(i)e = 2m.
(ii)n divides α and α divides m. We end with some comments on the results of Wolfmann in [14] . Let q = p t and k a positive integer. Wolfmann considered the number of rational points on the Artin-Schreier curve defined over F q k by the equation
where a, b ∈ F q k , a = 0 and s is any positive integer relatively prime to p. One need only consider the case s dividing q k − 1. Wolfmann succeeded in calculating the number of rational points on these curves in the following scenario:
(i) k = 2t.
(ii) there exists a divisor r of t such that q r ≡ −1 mod s.
